Our recent study on mathematical modeling of microbial genome evolution indicated that, on average, 11 genomes of bacteria and archaea evolve in the regime of mutation-selection balance defined by positive 12 selection coefficients associated with gene acquisition that is counter-acted by the intrinsic deletion bias. 13 This analysis was based on the strong assumption that parameters of genome evolution are universal across 14 the diversity of bacteria and archaea, and yielded extremely low values of the selection coefficient. Here we 15 further refine the modeling approach by taking into account evolutionary factors specific for individual 16 groups of microbes using two independent fitting strategies, an ad hoc hard fitting scheme and an 17 hierarchical Bayesian model. The resulting estimate of the mean selection coefficient of 18 ~10 −10 associated with the gain of one gene implies that, on average, acquisition of a gene is beneficial, 19 and that microbial genomes typically evolve under a weak selection regime that might transition to strong 20 selection in highly abundant organisms with large effective population sizes. The apparent selective pressure 21 towards larger genomes is balanced by the deletion bias, which is estimated to be consistently greater than 22 unity for all analyzed groups of microbes. The estimated values of s are more realistic than the lower values 23 obtained previously, indicating that global and group-specific evolutionary factors synergistically affect 24 microbial genome evolution that seems to be driven primarily by adaptation to existence in diverse niches. 25 26 3 27 28 Introduction 29 30
7 elementary events of acquisition or deletion of one gene at a time, occurring with rates and , 145 respectively. Genes are assumed to be acquired from an infinite gene pool. Gene gains and losses 146 are either fixed or eliminated stochastically, with a fixation probability . In the weak mutation 147 limit, the fixation probability can be expressed as (McCandlish et al., 2015) 148
where is the effective population size and is the selection coefficient associated with 150 acquisition of a single gene. That is, assuming that the reproduction rate for genome of size is 151 1, the reproduction rate for a genome of size + 1 is 1 + . To obtain the selection coefficient 152 associated with deletion of a gene, the event of gene deletion is considered: the reproduction rate 153 for genome size + 1 is set as 1, and the reproduction rate for genome size can be therefore 154 approximated by 1 − , so that 155 deletion=− acquisition [3] 156
The gain rate, + , is given by the multiplication of the acquisition rate , and the fixation 157 probability of a gene acquisition event. In general, both the acquisition rate and the selection 158 coefficient associated with the acquisition of a gene depend on the genome size:
Using the relation deletion=− acquisition derived above, we get a similar expression for the loss rate, Genome size dynamics is then a chain of stochastic gain and loss events, and can be described by 164 the equation
If for a some value of , denoted 0 , gain and loss rates are equal, i.e. the evolving genome 167 fluctuates stochastically around this value (under a condition discussed below, see Eq.(10)), the 168 dynamics of Eq.(6) implies a steady state distribution ( ) of the genomes sizes. This 169 distribution has an extremum at 0 , and is given by If the distribution is symmetric, 0 is the mean genome size, and given that ( ) is only slightly 172 skewed with relevant model parameters (see Figure 2 ), 0 is taken as an approximation for the 173 mean genome size. With respect to the model parameters, 0 satisfies the relation
where ( ) is the deletion bias, defined as the ratio of the deletion and acquisition rates:
The extremum point of ( ) at 0 can be either a maximum or a minimum. The case where ( ) 178 has a minimum at 0 corresponds to genomes that are either collapsing or growing infinitely, and 179 is biologically irrelevant. The extremum point at 0 is a maximum when
Finally, explicit functional forms for ( ), ( ) and the deletion bias is then given by
The selection coefficient was taken as constant (independent of genome size) for simplicity.
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Preliminary calculations with additional linear term in genome size gave similar results, both in 198 terms of the log likelihood and fitted parameter values (see Table S1 ) The deletion bias is 199 modelled by a power law with respect to genome size because it encompasses the two extreme Group-specific factors in prokaryotic genome evolution 208 The assumption that all model parameters are universal across the diversity of prokaryotes 209 translates into a global trend line (see Figure 1B ) because in this case, groups of prokaryotic 210 species differ from each other only by the typical effective population size. However, when the 211 model parameters are fitted under the assumption that all unknown parameters are universal, the 212 observed distributions of the microbial genome sizes are much wider than the distributions 213 predicted by the model (see Figure 3A ) indicating that ATGC-specific factors play a non- distribution; see Figure S2 ), standard methods for latent parameters fitting are not applicable. The goodness of fit is then given by the 2 value for the global trend line and mean genome 268 sizes of the different ATGCs (see Figure 1B ). The 2 value clearly depends not only on the 269 values of the two universal model parameters , but also on the value of 〈 〉. For the 270 optimization of values, the maximum possible 2 value for the given values is taken.
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The goodness of fit for the global trend line is optimized together with the log likelihood, by 272 minimizing a goal function ( ):
where the log-likelihood and goodness of fit are normalized to give comparable values. In the ad-hoc hard fitting method described above, Eq. for species of ATGC can be then calculated using the Bayes rule, and is given by
This formulation is known as the hierarchical Bayesian model (Gelman et al., 1995) . The hierarchical Bayesian approach, when applied using the population-genetic model of genome 332 evolution, 9 realizations of artificial ATGCs ware generated using the distribution of genome 333 sizes given by the model (Eq.(7) ; see Methods for details). The realizations were generated using 334 parameter values similar to the fitted parameters obtained using the hard fitting methodology. 335 We then applied the hierarchical Bayesian model fitting algorithm to the artificial ATGCs and 336 verified that the optimized parameters values were similar to those of the parameters used for 337 generating the artificial ATGCs ( Figure S2 ). In all realizations, the value was inferred to a 338 good accuracy, with a tendency for the fitting values to be slightly lower than the actual ones.
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The fitted values of and ′ typically have larger errors because variation of can be Fitted values of global parameters are summarized in Table 1 and Table 2 , where global 346 parameters now include the parameters of the prior distribution of the latent variable, 0 and .
347
Using these optimized values together with Eq.(28) allows fitting the ATGC-specific values 348 (Figure 4 and Figure 5 ). As with the ad-hoc hard-fitting methodology, there was no significant 349 correlation between fitted values and (see Table 1 and 
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In the present work, we attempted to take into account the group-specific evolutionary 417 factors by using two independent optimization approaches. Both procedures were used together 418 with two different functional forms of the deletion bias. In all cases, the results were similar, 419 with ~10 −10 , ~0.06 and ′~0 .7 for a power law deletion bias (Table 1) , and ~10 −10 , ~0.8 420 and ~175 for a deletion bias based on linear acquisition and deletion rates (Table 2) .
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Introducing latent variables allowed incorporation of ATGC-specific effects into the fitting In this work, the deletion bias is considered genome size-dependent and is modelled as a 448 power law or as the ratio of linear approximations for the acquisition and the deletion rates. We 449 found that the best fitted power value is ~0.06. This value indicates that the genome size 450 dependencies of gene acquisition and deletion rates are generally similar but the deletion rate parameters are given in Table 2 ). 
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The fits were obtained using the hard fitting methodology (blue) and the hierarchical Bayesian The fits were obtained using the hard fitting methodology (blue) and the hierarchical Bayesian 
